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Abstract 

We prove estimates for solutions of the Cauchy problem for the in- 
homogeneous wave equation on R 1+ " in a class of Banach spaces whose 
norms only depend on the size of the space-time Fourier transform. The 
estimates are local in time, and this allows one, essentially, to replace the 
symbol of the wave operator, which vanishes on the light cone in Fourier 
space, with an inhomogeneous symbol, which can be inverted. Our result 
improves earlier estimates of this type proved by Klainerman-Machedon 
^[]^]. As a corollary, one obtains a rather general result concerning local 
well-posedness of nonlinear wave equations, which was used extensively in 
the recent article [HI. 



1 Introduction 

Consider the Cauchy problem for the wave equation on M 1+n , 

Du = F, u\ t=Q = f, dtu\ t=Q =g, (1) 

where □ = — &f + A is the wave operator. 

The purpose of this note is to prove estimates for u in a certain class of 
Banach spaces whose norms only depend on the size of the space-time Fourier 
transform. The estimates are local with respect to time t, and this allows 
one, essentially, to replace the symbol of the wave operator, which vanishes on 
the light cone in Fourier space, with an inhomogeneous symbol, which can be 
inverted. This idea originates in the work of Bourgain jlj] on the Schrodinger and 
KdV equations, and was later simplified by Kenig-Ponce-Vega |3] in their work 
on KdV. Following this, Klainerman-Machedon |^, Lemma 4.3] , []5], Lemma 1.3] 
proved estimates of this type for the wave equation; see also Klainerman-Tataru 
©• 
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The improvement in our result compared to [M |) lies mainly in showing, 
as suggested in [|| Remark 1.8], that for sufficiently small e > 0, the norm of the 
inhomogeneous part of the solution, restricted to the time slab [0, T] x M", is 
0{T e ) as T — > 0, at the expense of a loss of essentially e derivatives. As shown 
in the recent article , this allows one to remove the assumption of small- norm 
data in the well-posedness results proved in pi pi 0, [j| ^|. 

As an application of our estimate, we also prove a simple but useful re- 
sult concerning local well-posedness of nonlinear wave equations, which is used 
extensively in 



2 The main estimate 

We are interested in finding complete subspaces X s of 

Cbi^H^ncK^H 8 - 1 ) (2) 

such that solutions of ([!]) satisfy estimates of the type 

\\u\\ x ,<C\\(f,g)\\ is) + 0^15-^1^ (3) 

for all < T < 1 and e > 0. We also want 

lim C T e = (4) 

when e is strictly positive. 

Precise definitions will be supplied presently. For the moment suffice it to 
say that Xj, stands for the restriction to the time slab [0, T] x W l , □ may be 
thought of as an inhomogeneous and invertible version of the wave operator □, 
F e is F with a certain operator of order s applied to it, and 

ll(/.fl)ll(.) = ll/llH- + IMI^-> 

with H s the usual Sobolev space. 

We use coordinates (t,x) on IR 1+n . The Fourier transform of f(x) [resp. 
u(t 7 x)] is denoted /(£) = Tf{^) [resp. u(t, £) = Fu^, £)]. For any a e R we 
define pseudodifferential operators A", A" and A" by 

A^7(o = (i + iei 2 )" /2 /(0, 

A«u(T,0={l+T 2 + \t\ 2 ) a/2 u(T,0, 

A"m(t, 0=1+ J 0, 

V i + r 2 + iei 2 y 

Observe that the Fourier symbol of A" is comparable to (l + ||r| — iCll)"- The 
operator □ in (||) is just A + A_, and F £ = AiF. 
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The Sobolev and Wave Sobolev spaces H s and H s ' are given by the norms 

ll/ll*. HIA S /II W) , 

For the basic properties of the latter, see, e.g., ||. In particular, we shall use 
the fact that H s ' 9 embeds in C b (R, H s ) when > \. Associated to H s d is the 
space Tt s ' S with norm 

Nl w ..» = \\u\\h-.» + HuWjj.-^e ~ ||A»- 1 A + A?.u|| ia . 

By the above, H s ' 9 embeds in (||) for 6 > ~. 

In general, if a Banach space X s embeds in (|^) then it makes sense to restrict 
its elements to any interval I C M. The resulting restriction space is denoted 
Xf . It is always possible to define a norm on this space which makes it complete. 
Indeed, Xf is the quotient space X s /^i, where ~j is the equivalence relation 

u ~j v <^=> u(t) — v(t) for all t £ I. 

Since X s embeds in (||), the equivalence classes are closed sets in X s , so the 
quotient space is complete when equipped with the norm 

WAxf = mf HI*. ■ 

If I = [0, T], we always write Xj. instead of Xf. 
We now state the precise result. 

Theorem 1. Let X s be a Banach space such that 

(i) X s embeds in TL s ' e for some 9 > \. 

(a) \u\ < \v\ => \\u\\ x , < \\v\\ x ., 

(in) there exists 7 < 2 such tha^ 

\\u\\ xs < ii^a-^aIuCt.oII^^-) 

for all u. 

Let e > 0. Then for all (f,g) £ H s x H 3 - 1 and F £ nAZ e (X s ), there is 
a unique u £ C(M.,H S ) n C 1 (K, H^ 1 ) which solves (0), and the estimate (||) 
holds for allO <T < 1. Moreover, if e > 0, then (Q) holds. 

Remarks. (1) Estimate @ in the special case X s — TL s - e and e — was proved 
in jj. 

2 We use the notation \\v (r, £)IIl 2 (l^) = (/ !)«(-, Oll|oo ^) 1/2 . 
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(2) The proof gives something stronger: for all T > 0, there is a linear operator 
Wt such that 

UW T F = F on [0,T]xt n , 
with vanishing initial data at t — 0, and Wt is bounded from 

y s < s = DAZ £ (X S ) (5) 

into X s for all e > 0. Moreover, when e > 0, the operator norm 

HWrlly..^*. ->Q as T^0. 

(3) The reason for the condition 7 < 2 is as follows. The proof of the theorem 
shows that 

C T ,e < CT min ^ ae ' 5 \ 

where 

8 = 2 - 7 - a/2 + min{0, a{9 + s - 1)} 

and < a < 1 can be chosen at will. The constant C is independent of e and 
a. In the typical applications 7 is close to 1; see ||. 

(4) s plays no role. Indeed, if X s satisfies the hypotheses of the theorem, then 
so does X s ' = A s ~ s ' X s for all s'. 

3 Applications 

For i G R we denote by r t the time-translation operator r t u — u(- + t, •), and 
for any interval I Clwe denote restriction to the time-slab / x R n by |/. 

Suppose X s satisfies the hypotheses of Theorem [j], is invariant under time- 
translation^, and for all </> £ C£°(R), the multiplication map u 1— * <fi(t)u(t,x) is 
bounded from X s into itself. 

Consider a system of wave equations on M 1+ " of the form 

nu = Af(u), (6) 

where u takes values in and JV : X s — > I?' is (i) time-translation invariant 
(TV commutes with r t ); (ii) local in timcQ; and (iii) satisfies Af(Q) = 0. 

Furthermore, we assume that for some e > 0, AT satisfies, with notation as 
in (|5|), a Lipschitz condition 

\Mu)-M(v)\\ y3ie < A(m&x{\\u\\ xs ,\\v\\ xs })\\u-v\\ xs (7) 

for all u,v £ X s , where A is a continuous function. 

Theorem 2. Under the above assumptions, the Cauchy problem for is lo- 
cally well-posed for initial data in H s x H s ~ l , in the following sense: 

3 That is to say, rt is an isomorphism of X s for all t. 

4 By this we mean that if u\j = where I is an open interval, then J\f(u)\j = J\f(v)\[. 
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(I) (Local existence) For all (/,<?) G H s x W^ 1 there exist a T > and 
a u G Afj. which solves (JgJ) on St = (0, T) x K™ with initial data (f,g). 
Moreover, T can be chosen to depend continuously on \\f\\ Hs + ||.<?||#-s-i- 

(II) (Uniqueness) If T > and u,u' G Xj, are two solutions of on St 
with the same initial data (f,g), then u = vf. 

(III) ( Continuous dependence on initial data) If, for some T > 0, u G X T 
solves (jfy on St with initial data (f,g), then for all (f',g r ) G H s x iJ s_1 
sufficiently close to (f,g), there exists a u' G X T which solves (|J) on St 
with initial data {f',g'), and 

\\u-u'\\ x ,<C\\(f-f',g-g')\\ {s) . 

If, moreover, Af is C°° as a map from X s into y s ' 6 , then: 

(IV) (Smooth dependence on initial data) Suppose u G X T solves (Q) on 
St for some T > 0, with initial data (/, g) G H s x if s_1 , and that (f§, g$) 
is a smooth perturbation of the initial data, i.e., 

6^{f s ,g s ), R^H'xH"- 1 

is C°° and takes the value (/, g) at 5 = 0. Let us be the corresponding 
solution of (H) (by (III), us G X T for \S\ < So). Then the map 6 h- > us 
from [— 5o,So] into X T is C°° . 

We write X a = A S -°X S and y a > E = A s -°y s > e for a G R. If for all a > s there 
is a continuous function A a such that 

\Mu)h*,.<MMx-)Mx- ( 8 ) 

for all u G X s l~l X a , then: 

(V) (Persistence of higher regularity) If a > s and u G X T solves (||) on 
St with initial data (f,g) G H a x for some T > 0, then 

u G C([0, T],H a ) n C 1 ([0, T] , H"- 1 ) . 

Remark. Typically, proving that Af is C°° is no harder than proving it is locally 
Lipschitz. As an example, relevant for wave maps, consider 

Af(u) =r(u)Q (u,u), 

where u is real- valued, r : K — ► M is C°° and Qq is the bilinear "null form" 

Qo(u, v) = -d t u d t v + V x u ■ V x v. 

Fix s > § and set X = ri sfi ', X' = H s ' e and y = UAZ e {X) = One 
can show, for appropriate 9 > 4 and e > 0, that 
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(i) Qo is bounded, hence C°°, from X x X to 3^; 

(ii) <!>r : u h- ► — T(0) is a locally bounded map of <Y' to itself; 

(iii) multiplication is bounded, hence C°° , from A?' X y to ^. 

It remains to prove that <l>r is C°° as a map of X' , but this follows from (ii) 
(which is valid for any C°° function T) and the fact that X' is an algebra. 
Indeed, since 

r(v)-T(u)= r'(u + t(v-u))( v — u) dt, 

Jo 

$r is locally Lipschitz. Then, since 

I» - T(u) - T'(u)(v - u) = / {T'(u + t(v - u)) - T'(u)} dt ■ (v - u) 

Jo 

we have 

||i» - r(u) - r'(u)(v - u)\\ x , < c{u, v)\\v- u\\ x , , 

where 

c(u, v)<c I \\r'(u + t(v - u)) - r'(it)|| ( dt. 

Jo 

But by the above, $r' is locally Lipschitz, so C(u, v) — 0(\\v — "11^/)- Thus 4>r 
is C , and by induction C°°. 

4 Abstract local well-posedness 

Theorem || is conveniently proved in an abstract setting, which we discuss here. 

Observe that if X s is a space satisfying the assumptions of the last section, 
and T denotes the set of compact intervals ICR, then the family {Xf}i e x has 
the following properties: 

(51) Xf embeds in C(I, H s ) n C X {I, H 8 ' 1 ) for all I el; 

(52) the solution of Du = with (u,d t u)\ t _ Q = (f,g) £ H s x _ff s_1 satisfies 

HU.<c||(/, s )|| w 

for all < T < 1 and all (/, g); 

(53) r t is an isometry from Xf onto Xf_ t+I for all t G K and I E X; 

(54) if / C J, then |/ : Xj — > Xf is norm decreasing; 

(55) whenever / and J are two overlapping intervals (/ fl J has nonempty 
interior) and u E Xf , v G Xj agree on the overlap (u(t) = v(t) for all 
telDJ), then 

IMI*. uJ < C U (\\ u \\x } + \Mx S ) , 
where w(t) — u(t) for t E I and w(t) = v(t) for t € J. 
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Note that (S2) holds by Theorem |l|; we write X T instead of X? Q T , . (S5) holds 
by the assumption that u i— > <f>(t)u(t, x) is bounded on X s for all <j> £ C^°(K). 
We now consider an abstract family of spaces with these properties. 

Theorem 3. Let s S K. Let {<%?} IeX be a family of Banach spaces satisfying 
(Sl-5). Consider the system where Af is an operator which 

(Nl) maps X? „ into V((a, b) x K") for all —00 < a < b < 00; 
(N2) is time-translation invariant: M o r t = r f o TV; 

(N3) is local in time: A/"(u|[ a ,b]) = ^( u )\(a,b) whenever [a,b] C / and u S Xf ; 
(N4) satisfies W(0) = 0. 

Assume further that for all < T < 1 and u € Afy, i/iere exists v 6 A"^. 
(necessarily unique) which solves Dv = Af(u) on St = (0, T) xR" wii/i vanishing 
initial data at t — 0; we write u = WAf(u) and assume that 

\\WM{u)\\ Xi < C T A(\\u\\ x .) \\u\\ x . (9) 

and, more generally, 

\\W{M{u) - Af(v)) \\ x . < Cr^(max{||u||^. , |M|*.}) ||u - v\\ x , (10) 
for all < T < 1 and u, v € X T , where 

lim C T = (11) 

and A is a continuous function. 

Then the system ^) is locally well-posed for initial data in H s x H^ 1 , in 
the sense that properties (I-III) of Theorem || hold. 

Remarks. (1) {Lifespan.) By local existence (I), and properties (S4) and (N3), 
for given (/, g) the set E(f,g) consisting of all T > for which there exists 
u G X T solving (^) on St with data (/, g), is a nonempty interval. Then, by 
local existence (I) and uniqueness (II), as well as properties (S3-5) and (N2,3), it 
follows that this interval is open. Moreover, by continuous dependence on initial 
data (III), the lifespan T* = supE( f, g) is a lower semicontinuous function of 
(/,<?)• 

(2) (Higher regularity.) Set X% = A s ~ a X T . If, for any a > s, there is a 
continuous A a such that 

\\WN{u)\\ x „ < CtMMx}) IN** (12) 

and 

\\W(Af(u)-Af(v))\\ x ^ < C T A a (max{\\u\\ X s,\\v\\ x ^}) \\u-v\\ x „ 

+ C T A a (m^{\\u\\ x \\v\\ x }) ||u-v|U (13) 
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for all u, v € Xf,nXf, where Ct is the constant appearing in (^) and (10), then 
(V) of Theorem | holds. 

(3) {Smooth dependence on data.) Suppose S — WAf is not just Lipschitz 
but C°° as a map of Xj.. Recall that the fc-th derivative S^(u), u S X^ 7 is a 
fc-linear map from Xj, x • • ■ x X£ into Xj.; let 1 1 S 1 W (u) 1 1 denote its operator 

norm. In view of (|l3|), 

\\S'(u)\\ m <C T A(\\u\\ x ,). (14) 
Suppose there exist, for k = 2, 3, . . . , Bk continuous and increasing so that 

sup sup \\S^(u)\\, T .<B k (R). (15) 

0<T<1 \\u\\ x s <R 

Then (IV) of Theorem | holds. 

(4) If Af is multilinear, then so is WAf, so if the latter is bounded on some 
Banach space, it is trivially C°° on that space. Thus, by the previous remark, 
the dependence on initial data is C°°. 

In this connection, we mention an interesting observation due to Keel-Tao ^ 
Section 8] , concerning the feasibility of proving well-posedness for wave maps in 
the critical data space by an iteration argument. For simplicity we take n = 2, 
but this is not essential. 

A wave map u : R 1+2 ->S'CC satisfies the equation 

Uu + u{d^u ■ d^u) = 0, (16a) 
where • is the Euclidean inner product on R 2 = C. Consider initial data 

u \t=o = 1; dtU \t=o = ig > ( 16b ) 

where i is the imaginary unit and g € L 2 is real- valued. 

Observe that if ( |l6| ) is well-posed for g 6 L 2 , then the solutions stay on S 1 
and hence are wave maps. This is certainly true for any smooth solution,^] and 
therefore true in general by an approximation argument, using the continuous 
dependence on initial data. 

If ( |l6| ) could be proved well-posed for g S L 2 by an iteration argument in 
some Banach space, the dependence on the initial data would necessarily be 
C°°, since in this case the operator AT is trilinear. 

As it turns out, ( |l6| ) is well-posed for g S L 2 , but the dependence on the 
data is not even C 2 . In fact, since 9 i— > e l6 , R — > S 1 is a geodesic, the solution of 
( pi| ) is given by u = e m , where Dv = with initial data (0,g); clearly (u,dtu) 
belongs to C(M.,H 1 x L 2 ) and depends continuously on g. 

Thus u £ — e l£V solves ( p^ ) with g replaced by eg. But since i? 1 is not 
an algebra, one would not expect the map e — * u E |t = i, R — > H 1 to be twice 
differentiable at e = for all choices of g, and indeed it is not, as proved in [Q, 
Proposition 8.3]. 

5 If u : IR 1 + 2 — > R 2 is a smooth solution of ( ^ ) then <^> = m ■ w — 1 solves the linear equation 
□</> + <fi(duU ■ d^u) = with vanishing initial data, so by uniqueness, <f> must vanish. 
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5 Proof of Theorem [I] 



In this section, (i-iii) refer to the hypotheses of the theorem. With notation as 
in (||), observe that by (i), 



ys,e ^ H 



s-l,0+e-l 



(17) 



for all e > 0, and that y s - £ C y s -°. 

We shall use the fact that the symbol of A_ is comparable to 1 + |r| — |£|| 
More precisely, there is a constant c > such that 



■'(i+lH-ieii) < i + 



(t 2 -\Z\ 2 ) 2 ' 
i + M 2 + |£| 2 , 



< c 1 



icil). 



(18) 



Fix two bump functions %, 4> G C^°(M) such that < x, cj) < 1, x = 1 011 
[—2,2], and = 1 on [—2c, 2c] with support in [—4c, 4c], where c is the constant 
in (|f). 

Fix < a < 1. Given < T < 1, write, for any F G H 8-1 ' 9-1 , 
F = 4>{T a k_)F + {I- 4>(T a A_)}F = Fi + F 2 , 
where / denotes the identity operator. In view of 

|H - |£|| < 4c 2 T-" for (r,C)esup P Fi, (19) 
||r|-|£l| >T- a for (r,0esupp^. (20) 



Now define 
where 



= x(t)ua + x(t/T)ui + u 2) 



u = d t W(t)f + W(t)g with W(t) 



Ul 



W{t-t')Fi{t',-)dt', 



u 2 = (r 2 - Kl 2 )- 1 ^. 
Observe that Fx G H 3 - 1 ' C Lj, c (M, i? 8-1 ), so Ui is well-defined. 
Lemma 1. u solves ([!]) ok [0,T] x R™. 

Proof. The only point which is not evident is that U2| t _ = <9tU2| t _ = 0. 
This is clearly true when F G S, since then F 2 € 5, so u 2 is necessarily given 
by Duhamel's formula. The general case then follows by density, since clearly 
F i ^ is linear and bounded from £P _1 > e_1 into , and the latter space 
embeds in (ph. □ 

Using hypothesis (iii) only, we shall prove the following lemmas. 
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Lemma 2. For all (f,g) E H s x H a ~ l , 

\\x(t)u \\ xs <C\\(f,g)\\ {sy 

Lemma 3. For all e > and F G ^-l.e+e-i^ 

||x(*/r)«i||^<CT«|| J F|| H ._ 1 ,. + ._ 1 , 

where 

5 = 2-7-a/2 + min{0,a(6l + e-l)}, (21) 
7 is as m hypothesis (Hi), and C is independent of e and a. 

Since by (i) we have (0), and since by (20) and (ii) we clearly have 



\\u 2 \\ xa <CT<**\\F\\ ys , s , (22) 

the theorem follows. 

We turn to the proofs of Lemmas || and |[ 
Some notation: for 7 € M, let T) 1 be defined by 

^X(T) = (l + |r| 2 r/ 2 X(T)- 

In what follows, p < q means that p < Cq for some positive constant C inde- 
pendent of a and e. 

5.1 Proof of Lemma [3| 

We write i*i = Fx i + -F1.2, where .Fi,i(t, £) and i^Or, £) are supported in the 
regions |£| < T~ a and |£| > T _Q respectively. Let mj be defined as u%, but 
with Fi replaced by Fij for j = 1,2. 



The following lemma, proved in section 5.3, characterizes u\ t \ and ui t 2 



Lemma 4. Given < T < 1, let u\.j, j = 1, 2 oe defined as above. There exist 
sequences , fj G -ff s dfid <?j G C([0, 1], _ff s_1 ) such that 

supp/f C{C:|e|>T- Q }, 
sup P5 >) C : ICI < T~ a }, 
W\\ HS , sup Hfc^ll^ < T-CVa-i) ||F 1 || ff ._ Il0 (23) 

0<p<l 

/or j = 1,2,..., and 
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J- 

oo 



where 

and, given 7 > 1, 

sup|jrA s Al{x-E}(r, f)| 



£ (ll^xIL- + ll 25 ^)!!^) / I^A-^x.aCA.Ol <*A (25) 



X^2(r,0 = ^ I I I (l-p)x"(T-riF h 2(\,li)dcrdpd\, (26) 



/or a/Z (eM" and X £ C£°(R). Moreover, 

/ /' " 

2tt 
w/iere 

M = 6 + <r(a-6), o=|e|+p(A-|e|), 6 = _|f|+ p (A+|e|) (27) 
andxe C~(R). 

We need two more lemmas. 
Lemma 5. J/ er e R, 7 > 0, / € H a and x € C C °°(R) 7 i/ien 

^•A-Al{ X (t)e^^/}(r,0 < ||^x|Loo II/IIh- • ( 28 ) 

If-l<p<l,ge H a andsuppg C {£ : |f| < r} 7 i/ien 

^A'AI{ X (t)e^^}(T,0| £ (II^XL- + ^ Hxllt-) IMIh* ■ 



(29) 



Proof. This is a triviality. To prove (pig), simply note that the Fourier transform 
of x(t) e±lt ^~^ f is x( T T l£l)/(0- To prove, ( p9|) observe that the Fourier 
transform of x{t) etpt ^~^9 is x( T — /° l£l)?(£) an d that 

|H-|e||<|r-p|e||+(l-H)|e|<|r-p|e||+r 

for £ S supp g and — 1 < p < 1 . □ 
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Lemma 6. Assume that the inequality 



of hypothesis (Hi) of Theorem^ holds for some 7 €E R. Then for all \ S C£°Q&) 
and f e H s , 

X(t)e ±u ^f\\ xs < \\W X \\ Lao \\f\\ H . + \\V»bc\\ L oo ll/ll^-x ■ (30) 

Moreover, if — 1 < p < 1, g € H s ~ 1 and suppg C {£ : |£| < r} ; where r > 1, 
then 



X(t)e 



iptV-A 



< 



.V 



llxll, 



P 7 * L~ + F 7+1 x|U Nl^-* 



(31) 



Proof. Observe that 
lljFA^A+Alu^Ol 



< 

for any u(t,x). Thus, ( |30| ) and (|31j) follow immediately from (|2Sj) and ( |29| ) of 
Lemma respectively. □ 

We are now in a position to finish the proof of Lemma ^. 
Estimate for wi.i. By (|l9|), 

ll^illjr-M < T^V^+e-W WFW^,^ . (32) 
It is easily checked that 

\\rvr{v x {t/T)}\\ LX < r 1 - r+J ||^ r ^x)|| LOO (33) 

for r > 0, j > and < T < 1. Combining @ of Lemma | with (||), (||) 
and (|H|) yields 

where S is given by (^l]) and 

00 ^ 00 1 

^.t^E^I^^IL- ^ETfCII^IL. +ll(* i+1 x)'"L 1 )- 

Since \ is compactly supported, C x . 7 < 00. 
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Estimate for Ui t 2- In view of hypothesis (iii) of the theorem, 

\\ X (t/T)u h2 \\ Xs <A + B, 

where 

J 4=||^A s Al{x(</T) Ul , 2 }(r,0|| L?(L?o)(|T| < c|5|) , 



B = 



L%{L?)(\T\>C\(i\) 



and C > 1 is a constant which will be specified later. 

To estimate A we use the expression (03) for ui,2- By ( p8|) of Lemma ||, as 
well as @, © and (§|), 



^a s ai {x(t/r)E 2 } Ml } < ||Ji|| ff .- 1 .. + .- 1 

where 

oo 1 

c x.7<E-tII^ 7 (^)|| loo <OC. 

3=1 J ' 

Next, by @ and @, 

||^A'AI{x(t/T)B}(r,0|L a(L? , ) 



< 



\^~ l X\\ L oo + ||^K)|| £ c.) T-" /2 ||fl|| H .-X.O 

which combined with (|3^) and ([33]) yields 

||^A s Al{ X (t/T)£;}(r,0|| L , (i?o) < C xn T s U^U^,^ , 

where 



For B we use the expression ( pq ) for x^i.aCnO- Recall that |r| > C |f | in 
the definition of B, where C is yet to be determined. We claim that if we take 
C = 8(l + c 2 ), where c is the constant appearing in ( fi8| ) and (|l9|), then with p 
given by @, 

\t\>C\Z\ => \\ T \-\t\\~\ T \~\ T -p\ 
for all A such that (A, f) £ suppFi j2 , and all < p, a < 1. Indeed, 

|/x|<|&| + |a-6|<4|f| + ||A|-|£l|, 

and we have 

||A|-|e|| < 4c 2 T-« < 4c 2 |f | 
for (A, f) £ suppFi, 2 . Thus, 



B< \\FV^{t\{t/T)}\\ Loa J l^-A— 1 J F 1 , a (A,0| 



dX, 
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and using (|32|) and (|33|), we get 

B < C x,l T& \Wx\\ H ,-i,e+e-i , 
where C xn < ||^ +1 (t 2 x) || i<JD . 

5.2 Proof of Lemma [2| 

We will show, using hypothesis (iii) of Theorem [j], that for all \ S C£° (K) and 

(/,<?) eH s xH s -\ 

\\x(t)dtw(t)f\\ x . z n^xiLc. imu + n^xL- ii/Hh.-i (34) 

and 

+ ||^+ i x|L«Nl ff .- a . (35) 

Clearly this implies Lemma |2|. 

We apply Lemma ^ Evidently, (|3^) implies ([54]) , so it remains to prove ( p5| ) . 
For this, we split 5 = 51 + <?2j where <?i is supported in the region |£| < 1 and 
g~2 is supported in |£| > 1. Since 



(-A)~ = sui^a/^A) = i / e 
Jo 



it(2p-l)V 3 A 



dp, 



we have 



X(*)(-A)-* sin(*/=A) fl i = / t X (i)e lt(2p - 1)V ^ 5 i 

Jo 



By (B 



tx(i)e « {2 p-i)V=s 5l ^ < ||^+i (ix) || Loo ii^n^ 

for < p < 1, and it follows that 

\\x(t)W(t)gi\\ x . < \\V^(t x )\\ L ^ \\giWx,-! . 

This proves (|35| ) with g replaced by its low frequency part g\. 

Since || (— A)~^g 2 \\ Hs < 2 ||<?|| ffs -i , the estimate ( |35|) with g replaced by 52 
follows immediately from (j30[). 



5.3 Proof of Lemma [4] 

We write iti = — (2i) _1 (— A) - 2 («+ — where 
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As in EL Lemma 4.4], 



^, m -—f- iF - wFll r, Qt r. (36) 

±ii|£| °° p r . _ 

E-yy ^ "'(i-Tieir^i^o^- (37) 



2tt 



Formula for Ux,i. By (|37|), we have 

^)(£) = ^ E 5 / ij GMKI) ~ <*r 

^ j — 1 ' 

where /3j, T (r) = e ltr (r — r) J_1 . Since 

/9j )T (r) = iie itr (T - rf'" 1 - e lir (j - l)(r - r)^ 2 , 
where the second term only occurs for j > 2, we get 

where fcj(/3) is given by 



If we set 



then 



Notice that 



kj(p)(0 = / {r~{2p~l)\i\y- L F 1 .,{r^)dr. 



1 I J 

9s —y — ]k - 



«mw=eV / eit(2p_i)V=s ft-(p)^. 
.7=1 j ' 1/0 



| T -(2p-l)|e|l<|T|+|e|<]|r|-|e||+2|e| 



for < (0 < 1. But if (t,£) S suppi^i, then |£| < T" a , and by dTJ) we also 
have 1 1-7-| - |C| I < T a - It follows that ' 

whence \\ gj (p)\\ H ,. x < T^/a-i) ||Fi|| ffs _ 1>Q for < p < 1. 
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First formula for ui, 2 - By (g6p and (|37]), 



«i,2(t) = E - (^^Z/ + ^ ltV ^fi) + E+{t) + E_(t), 

3=1 



where 



J — GO 

1 f° e itr - e**l£l 

£+(*)(£) = -— / Fi,2(r,0dr, 

47TKI7-00 m + |c| 

_ _ 1 poo itr _ -it\i\ 

It follows easily from @ that \\ff\\ Hs < T a ^ 2 ~^ 11^111^-1,0- 
Next, observe that 

- -^FM /_„ \MT]c\ ^ i ' 2 (^j 



%(T-\z\+p(\\\+mdp 



Since 

IAI + ICI 

for A < 0, it is easy to see, by considering separately the two cases ||r| — |£|| < 
2(|A| + and ||r| - > 2(|A| + that for a given 7 > 1, 

(i + IM - ^il) 7 | ^ (T "|i|+^I"" |g|)| s ll^xIL- + ll^)IU 

for all t G M, £ e E" and A < 0. We conclude that 

|^A s Al{ X S + }(r,e)| 

£ + ll 25 ^)!!^) / I^A-^i.aCA.e)] dA. 

The same estimate holds for EL, so E = E + + E- satisfies (|25|). 

Second formula for ui,2- Using (|36|), we write 

- — - — - 1 f ( p itT — p i4 l5l p itT — p~'*l?l 1 - - 
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Thus, 



W 1 jRIj AT^ }^(A,O^A 

- a) - x'(r - b)}F^(\,t) dpdX 
(1 - p)x"(r -b + a(b- a))F\ 2 {\, £) da dpdX, 



4tt|£| 
1 

1 



27r/i / 

where a = |£| + p(A - and 6 = - |£| + p(A + 



6 Proof of Theorem [3| 

We may assume that the function A in (^) and (|l0|) is increasing, and that Ct 
is an increasing and continuous function of T. 



6.1 Local existence 

Given (/, g) and < T < 1, let u be the solution of the homogeneous wave 
equation with initial data (f,g), and set 

Uj = u + WN(uj-i), j = 1,2,... 

By (S2), there is a constant C such that 

INU.<C(||/|| ff . + ||s|| ff ._ 1 ). (38) 

Combined with ([)]) this gives 

K-||^<fl/2 + c T A(|K-_ 1 ||^)|K-_ 1 ||^ 

for i > 1 , where i? is twice the right hand side of (|3^) . By (|ll|) , we may choose 
T so small that 2CtA(R) < 1. Since A is increasing, it now follows by induction 
that < R for all j. It then follows by ( |I(i| ) that 

IK+i ~ "ill*- - 2 ~ Uj -^ X T ^ 

for j > 1. Thus, (iij) is a Cauchy sequence in Xj,, and we let u be its limit. In 
view of @, 7V(w 3 ) -> jV(u) in the sense of distributions on St = (0, T) x M™. 
Since □itj = Af(iij-i) on St with initial data (f,g), by passing to the limit we 
conclude that Du = JV(u) on St with the same data. 
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6.2 Uniqueness 

Assume that T > and are two solutions of (||) on SV with the same 

initial data (/,<?). It suffices to prove that the set 

E = {t e [0, T] : u{p) = u'(p) for all p E [0, t]} 

is open in [0, T], since is obviously closed and nonempty. 

Assume that t G E,t <T. By (S4) we may consider u and v! to be elements 
of Xt T j, and by (N3) they are both solutions of (^) on (t, T) x R™ with the same 
initial data at time t (since t G £7). Next, by (S3) and (N2), Ttu,T t u' S 
solve (0) on (0, T — t) x K™ with identical initial data at time 0. 

By the above, it suffices to prove that e E E for some arbitrarily small e > 0. 
But by ©, 

\\u-u'\\ X£ <B(£)\\u-u'\\ xr 

where B(e) = C e ^4(max{||ii|| Xs ,||u'|| Xs }), and in view of (^Tj) and property 
(S4), lim £ ^ 0+ B(e) = 0. 



6.3 Continuous dependence on initial data 

Step 1. We prove that (III) follows from a wea ker condition. We denote by 
u (/i3) € Xj, the solution obtained in section 6.1. Recall that T = T(f,g) > 
is continuous, and 

C T{Lg) A(\\u(f,g)\\ x )<i. (40) 

T (fr3) Z 

We claim that (III) follows from 

(III') The map (/,<?) i— ► u(f,g) is Lipschitz, in the sense that 

\Hf,g) - u(f,g')\\ x , < ||/ - f\\ H . + \\g- g'\\ H ^ (41) 

for all initial data pairs (/,<?) and (/',</) in H s x _ff s_1 , where T = 
min{T(f,g),T(f',g')}. 

With hypotheses as in (III), set 

T* = inf T(u{t),d t u{t)). 

0<t<T v ' 

In view of (SI) and the continuity of T, > 0. Pick < e < T*/2 such that 
T = Me for some integer M, and set tj = je, fj = u(tj) and gj — dtu(tj). 

Assume that (III') holds. In view of (S3) and (N2), for j = 0, 1, . . . , M - 2 
there is a ball Bj in H s x centered at (fj,gj), with the following property: 

for all (tfij ,ipj) € -Bj there exists Vj j which solves (||) on (tj , tj +2 ) x K" 

with initial data (4>j,tpj) & t time tj-, and satisfies 

, £ Wfj -0j\\h° + llflj ■ (42) 
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By (SI), this implies 

H/3+1 -<^3+i|| H , + \\gj+i -i>j+i\\ H .-i 

<C(||/i-^|| H . + lbi-^|| ff ,-0. (43) 

where we have set 4>j+\ — v(tj + i) and ipj+i = dtv(tj + i). 

Thus, if we make Bms so small that CBm-3 C Bm-2, and then make 
Bm-4 so small that CBm~a ^= Bm-3 etc., we find that if we start with data 
{4 ) o-i4'o) € -Bo, then vo exists and 

(0i, Vi) = (wo(*i),d t uo(£i)) e B i> 

so v\ exists, and so on. 

By translation invariance and uniqueness, the different Vj agree on the in- 
tersection of their domains, so by (S5) we get a solution v 6 Xj, of (JsJ) on 
(0,T) x E" with data (</> , tpo), and \\u- v\\ x , < E^, 2 ||u - Vj \\ x . . But 

1 1 I 1 T [*i.*3 + 2l 

in view of @ and @, 



£ ||/-0o|| H a +llff-^oll H = 

[*3 ■*j + 2] 



Step 2. We prove (III')- In view of (|3§|) and (|10|), it suffices to prove 

C T A(max{h(/,.g)||^,|| W (f,.g')||^}) < ~ (44) 
where T = min{T(/, 5 ), T(/', </)}. But by © and (S4), 

A(max{||u(/, 5 )||^,||u(/', 5 ')||^}) < - (min{C T(/)9) , C^^y 1 . 
Since we assume that Ct is increasing in T, ( p4[ ) follows. 

6.4 Persistence of higher regularity 

We prove the assertion in remark (2) following Theorem || 

Step 1. We show that (V) follows from 

(I') Let a > s. For all (f,g) G H a x H"' 1 there exist a T > and a u £ 
A , ^nC([0,T], J ff CT )nC 1 ([0,T],i/ <T - 1 ) which solves (g) on S T = (0,T)xR™ 
wii/i initial data (/,<?)• Moreover, T can be chosen to depend continuously 
° n \\f\\ H ° + llffll^-i- 

Assume that (I') holds for a fixed ct > s, and let us denote the existence time 
by T(/, g). This function may depend on s and ct, but these are fixed quantities. 
With hypotheses as in (V), set 

T, = inf T(u(t),d t u(t)), 

0<t<T v ' 
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and choose < e < T*/2 so that T = Me for some integer M. Then set 
tj = je, fj = u(tj) and <?j = dtu(tj). By (I') and translation invariance, for 
j = 0, 1, . . . , M — 2 there exists 

which solves (||) on (tj,tj + 2) x R" with initial data {fj,9j)- By uniqueness, each 
agrees with u on [ij, tj +2 ]- We conclude that 



cr-l\ 



u e c([o,T],ir) nC x ([o,T],5 

Step 2. We prove (I'). If we fix a > s, we may assume that the function A a 
appearing in ( p"2"| ) and (^) is identical with the function A appearing in (^|) and 
(pl)|). Recall that A is assumed to be increasing, and that X^ = A s ~ a X^ by 
definition. 



As in section 6T, \\uj\\ x , < R, where R = 2C(||/|| Hs + ||ff||# s -i), C is 
the constant appearing in ( p8| ) and T > is chosen so small that 2CtA(R) < 
1. Another induction, using @ and @, gives HujH^ < i?', where i?' = 

2C(||/|| H . + \\g\\ H *-i). Furthermore, by © we have ||uj- < 2-JJZ. 

Thus (||) yields B 3+1 < Bj/2 + K2~i, where Bj = \\uj - Uj-x\\ x « and 
K = C T A(R')R. By induction, this implies that B 3 < £ 2~ j + 2Kj2~ j for 
j > 0. Thus, (uj) is Cauchy in X%- 

6.5 Smooth dependence on initial data 

We prove the assertion in remark (3) following Theorem ^| 

Fix r > 1. We prove 8 i— > ua S Aj. is C"\ By a finite time-step argument as 

in 



6.4, it suffices to prove this for a T > which depends continuously on 



E = sup || (/a, 3a) || (s) , 

where I = [— ^o]- 

Denote the iterates by Uj(S) £ X^,. Thus, u$(8) solves the homogeneous 
wave equation with initial data (fg, g$), and for j > 1, 

u j+1 (5)=u (5)+S(u j (5)), (45) 

where S — WAf. If we set U-i = 0, this is valid for j > — 1. 

Since C r (7, A|.) is a Banach space when equipped with the norm 

it suffices to show that Uj is Cauchy in this norm for some T(E) > 0. 
By (||) and the mean value theorem, 

||S«( U ) - SW(«)|| (r) < B(max{||«||^ , ||«||^.» || U - v\\ x . (46) 
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for k = 1, . . . , r, where B = max2<fc< r +i B k . 

Let C be the constant in (|38|), choose T so that CtA(2CE) = |, and set 



E k =sup (d/d5)«(f s ,g s ) , 
Sei w 



for /c = 1, . 



By induction, as in section 3.1, we have 



sup \\uj(S)\\ < 2CE. (47) 
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Taking one derivative in (EH), we get 

= u' + S'{u 3 ){u' ), 

so by @, 

< C^i + C T A(2CS) | [ n; (S) \\ x . 

and since CtA(2CE) = |, we conclude that 

sup 1 1 m' ((5)11 < 2CE 1 . 
s 

Taking two derivatives in ( ^B|) gives 

< +1 = < + ff"(« 3 -)K,u5) + S>,)«). 

Thus, using (ph, 



||< + iWLa < CE 2 +B(2CE)(2CE 1 ) 2 + ~ ||<(5)||^ , 

so 

sup ||<(c5)|| < 2C*£ 2 + 2B{2CE)(2CE 1 ) 2 . 

5 

Continuing like this, one finds that for k = 0, . . . , r and all j, 

sup\\uf\S)\\ <C k {E,E 1 ,...,E k ), (48) 

5 

where C k is some continuous function. 

By @ and @, and the fact that C T A(2CE) = ±, we have 



1 

2 

for j > 0, and it follows by induction that 



8 

Next, since 

u' j+1 - u'j = 5'(uj)(uj - «j-_ x ) + - 
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for j > 0,we have 

+ B(2CE) \\ Uj (5) - u^S)^. C 1 (E,E 1 ). 

Thus, redefining C\, 

K- + i(*)-<4(<5)||^ < \ \\u' j (5)-u' j _ 1 {5)\\ X} + C l {E,E l )2-\ 
and it follows by induction^] that 

supimoo-u^^ii^. <<M£, £1x1+7)2-*, 

(5 T 

where once more we have redefined C\. 
Since 

<+i - < = [ S "( u o) - S "( u j-i)] ( u v u 'j) 
for j > 0, we have, redefining C2, 

lh" + i( 5 )-<( 5 )IU<^ll<w-«"-iWlU 

+ C 2 {E,E 1 ,E 2 ) (| I (5) - u,_i (6) \\ x . + \\ u' } («) - (*) L. ) ■ 
Thus, redefining C2 again, 

||< +1 (<5) - <(<5)||^ < i - u';_ x {8)\\ Xi + C 2 (E,E 1 ,E 2 )(l+j)2^. 

It follows by induction that 

sup \\u'!(6) ~ Uj-iWll*. < C 2 (£;,Si,£; 2 )(l + j 2 )2- J , 

where C2 has been redefined yet again. 

Continuing in this manner, one finds that for k = 0, 1, . . . , r, 

sup\\uf\S) - uf\(5)\\ X3 < C k (E,E u . . .,E k )(l+j k )2-i, 
5 T 

where C k has been redefined. 

6 Here, and below, we use the following induction argument. Suppose Bj is a sequence of 
non-negative numbers such that Bj+i < Bj /2 + P(j)2~j for j > 0, where P is a polynomial 
with non-negative coefficients. Then there is a polynomial Q such that Bj < Q(jr)2~ J for all 
7. In fact, one can take Q(t) = /* 2P(r) dr + B . 
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7 Proof of Theorem [2| 

As noted already, (Sl-5) of section ^ are satisfied. Since Af is local in time 
and maps X s into V'(R 1+n ), (Nl) of Theorem | holds; (N2-4) are obviously 
satisfied. 

Let < T < 1 and u 6 X^. Then u is an equivalence class in X s (section |J), 
and we denote by u an arbitrary representative in X s of this equivalence class. 
By assumption, Af(u) belongs to y s ' £ , so by Theorem [j], there is a unique v €E X^ 
which solves Ov — Af(u) on (0, T) x M™ with vanishing initial data at t — 0. But 
v is independent of the choice of representative u of u, by uniqueness of solutions 
of ([!]) and the fact that Af is local in time, so we may write v = WAf(u). 

Let us prove (|Io|). Let u, v S Afj,, and let u,v £ X s be any two representatives 
of u and u respectively. By Theorem [j] followed by (^) , we have 

||W(^(u) -M{v))\\ x ^ < c T , e HA+^r^^so -JVCiO)!^. 

< C T>s A(max{\\u\\ xs , IHI^.}) HS-uH^ . 
We may assume that A is increasing, whence 

\\W(Af(u) - WO)) |U # < Ct^NI*. + ||^ s ) \\w\\ xs , 

where w = u — v. Now pass to the limit as — > ||u — u||_^ s and ||^||^ s — > 
||u||^ s . Thus @ holds with replaced by A(3R). 

Thus, the hypotheses of Theorem || are satisfied, so (I— III) hold. 

It remains to prove (IV) and (V). Let Wt ■ y s ' £ — * X s be as in remark (2) 
following Theorem [j]. Given (/,<?), let uq be the solution of the homogeneous 
wave equation with data (/, g). As in the proof of Theorem [|, 

\\x(t)u \\ X3 <C\\(f,g)\\ (s) . (49) 

Consider the sequence Uj £ X s of iterates, given inductively by 

Uj = x(t)uo + W T Af(uj-i) 

If TV is C°°, then S = W T Af : X s -> X s is C°°, and the argument in section 
6.5 proves (IV). 



Finally, we prove that (|8|) implies property (V). As shown in section 6.4, it 
suffices to prove property (I') stated therein. Fix er > s. We may assume that 
(||) holds with A a = A, where A is the function appearing in (Q). 

Given (f,g) € H a x H a ~ x , choose < T < 1 so small that 2C T ^(i?) < 1, 
where R is twice the right hand side of (fly). A simple induction argument, 



essentially like the one in section 3.1, reveals that < R for all j and that 

(uj) is a Cauchy sequence in X s whose limit u solves (||) on (0,T) x K n with 
initial data (/, g). 

Another induction, using (||), shows that < R' for all j, where 

R' = 2C{j\f\\ H ^ + \\g\\ Hl7 -i). Thus, by hypothesis (i) of Theorem |l], the sequence 
of iterates is bounded in the Hilbert space Tf 7 ' 6 , hence it converges weakly in 
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that space, so it converges in the sense of distributions to an element of TL 17 ' . 
Thus, the limit u e X s must in fact belong to H a > e , whence u £ C([0, T],H a ) n 
^([CT],^" 1 ). 
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